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Abstract. We prove that for all integers r ≥ 2 and g ≥ b r2+10r+1
4
c there exists a component of the
locus Srg of spin curves with a theta characteristic L such that h0(L) ≥ r+1 and h0(L) ≡ r+1(mod 2)
which has expected codimension
(
r+1
2
)
inside the moduli space Sg of spin curves of genus g.
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2 LUCA BENZO
1. Introduction
Let g ≥ 1 be an integer and let Sg be the moduli space of smooth spin curves parameterizing
pairs (C,L) where C is a smooth curve of genus g and L is a theta-characteristic i.e. a line bundle
on C such that L2 ∼= ωC . It is well-known (see [17]) that Sg consists of exactly two connected
components, Soddg and Seveng , depending on the parity of h0(L).
It is therefore natural to consider, for a fixed integer r ≥ 0, the sublocus Srg of Soddg or Seveng defined
by
Srg :=
{
(C,L) ∈ Sg : h0(L) ≥ r + 1 and h0(L) ≡ r + 1(mod 2)
}
.
In [11] Harris proved that each irreducible component of Srg has dimension ≥ 3g − 3−
(
r+1
2
)
. Since
the map pi : Sg → Mg sending a point (C,L) to [C] is finite, this is equivalent to say that each
irreducible component of Srg has codimension less than or equal to
(
r+1
2
)
in Sg. If the codimension
in Sg of a component Vr,g ⊂ Srg equals
(
r+1
2
)
, we also say that Vr,g has the expected codimension (in
Sg). It is natural to pose the following geography problem:
Problem 1.1. For which pairs of positive integers (r, g) there exists an irreducible component of
Srg having expected codimension?
An obvious necessary condition for the existence of such a component is that the inequality
3g− 3− (r+12 ) ≥ 0 must be satisfied, i.e. points (r, g) for which there exists a component of Srg with
the expected codimension must lie above the parabola g = r(r+1)6 + 1.
Inside this region of the plane r, g, many results are known for small r (cf. [3], [23] and [9]).
Moreover, in our previous paper [4] we were able to prove the following
Theorem 1.2. For all integers r ≥ 2 and g ≥ (r+22 ), the locus Srg has an irreducible component of
codimension
(
r+1
2
)
in Sg.
thus “covering” the plane region above the parabola g =
(
r+2
2
)
= (r+2)(r+1)2 . The purpose of the
present paper is to prove a much stronger result, namely the following
Theorem 1.3. For all integers r ≥ 2 and g ≥ g(r) := b r2+10r+14 c, the locus Srg has an irreducible
component of codimension
(
r+1
2
)
in Sg.
The way Theorem 1.3 is proved also provides an existence result for irreducible components of
Srg parameterizing pairs (C,L) such that L is very ample (and in particular C is not hyperelliptic).
In order to prove Theorem 1.3, we will use the following fundamental result due to Farkas, which is
proved by inductively smoothing a stable spin structure (see [7] for details) over a suitable reducible
curve.
Proposition 1.4 ([9, Proposition 2.4 and Remark 2.5]). Fix integers r, g0 ≥ 1. If Srg0 has an
irreducible component Vr,g0 of codimension
(
r+1
2
)
in Sg0, then for every g ≥ g0 the locus Srg has an
irreducible component Vr,g of codimension
(
r+1
2
)
in Sg. Moreover, if the general point (C,L) ∈ Vr,g0
has very ample L, then the general point (C ′, L′) ∈ Vr,g has very ample L′.
The core of the proof of our result is the construction of a reducible curve X ⊂ Pr which is the
central fibre of a (flat) family X → B, X ⊂ Pr × B, where B is an irreducible algebraic scheme,
such that the general fibre Xb is a smooth half-canonical curve (i.e. OXb(1) is a theta-characteristic)
having nice properties ensuring expected codimension of the component of Srg parameterizing it.
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Namely, we will require the Gaussian map of the line bundle embedding Xb in Pr to be injective
(see Subsection 2.2 for a precise definition).
The idea is, as in [4], to build X in such a way that the line bundle OX(2) has degree 2pa(X)−2 and
h1(OX(2)) = 1. If the cohomology numbers of OX(2) remain constant along the fibres of the family
X → B (a property that will follow from the 2-normality of X), then OXb(2) will be isomorphic to
the (unique) line bundle of degree 2g(Xb)− 2 and speciality index 1 on Xb, the canonical one.
Assume for the sake of simplicity that X := C ∪D is the nodal union of two irreducible components
and that these components are 2-normal. Let ∆ be the intersection scheme of C and D. Note that
the cohomology sequence associated to
0→ IX(2)→ OPr(2)→ OX(2)→ 0 (1.1)
gives immediately h1(OX(2)) = h2(IX(2)) (an analogous property holds for C and D), hence
imposing the condition h1(OX(2)) = 1 leaves only two possibilities:
(a) 0→ IX(2)→ IC(2)︸ ︷︷ ︸
h2=h1(OC(2))=1
⊕ ID(2)︸ ︷︷ ︸
h2=0
→ I∆(2)︸ ︷︷ ︸
h1=0, h2=0
→ 0
(the points of ∆ impose independent conditions to hyperquadrics in Pr and one between OC(2) and
OD(2), say the former, has speciality index 1)
(b) 0→ IX(2)→ IC(2)︸ ︷︷ ︸
h2=0
⊕ ID(2)︸ ︷︷ ︸
h2=0
→ I∆(2)︸ ︷︷ ︸
h1=1, h2=0
→ 0
(the points of ∆ impose one condition less to hyperquadrics in Pr and both OC(2) and OD(2) are
nonspecial).
The construction carried out in the present paper is a far-reaching generalisation of the one in [4]
and both are an incarnation of case (a). The (above remarked) fact that property h1(OC(2)) = 1
holds for half-canonical curves clearly suggests the possibility to proceed by induction on r (it
would be interesting to understand whether it is possible to sharpen the result in Theorem 1.3 by
exploiting an incarnation of case (b)).
On the other hand, extending Theorem 1.2 to Theorem 1.3 presents a series of interesting technical
problems which require a significant amount of additional work, and whose solution constitutes
one of the main points of interest of this paper, since it is in principle generalisable to many other
situations dealing with degenerations of projective curves.
In particular, in the “new” region of the plane r, g that must be covered to prove Theorem 1.3,
the numerology of our inductive construction gives h1(NX/Pr) >> 0 for r >> 0, hence standard
techniques fail to provide and argument for the smoothability of X in Pr and have to be replaced
by a delicate verification of the assumptions of our Lemma 2.10, namely a suitable cohomological
condition as well as the smoothness of the Hilbert scheme at the point [X].
Techniques involving elementary transformations of vector bundles and varieties of secant divisors
will play a major role as well.
We work over the field of complex numbers. If Y is an algebraic scheme and X ⊂ Y is a closed
subscheme with defining ideal sheaf IX/Y , we will denote by N∨X/Y := IX/Y /I2X/Y the conormal
sheaf of X in Y and by NX/Y its dual HomOX (IX/Y /I2X/Y ,OX), which we will call the normal
sheaf of X in Y . If there is no ambiguity, we will possibly write N∨X (NX) instead of N
∨
X/Y (NX/Y ).
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The same will happen with IX/Y and I2X/Y .
By a family of curves and a deformation of a curve we will always mean flat ones.
We will write Hilbrg,d for the Hilbert scheme of curves of arithmetic genus g and degree d in Pr.
2. Preliminary results
2.1. Generalities about theta characteristics. Theta characteristics were classically studied
from a trascendental point of view for their connection with theta functions. Mumford presented in
[17] a completely algebraic viewpoint of the subject, which was later carried on by Harris.
Theorem 2.1 ([17, Theorem], [11, Theorem 1.10]). Let S → B be a flat family over an irreducible
algebraic scheme B such that, for all λ ∈ B, the fibre Sλ is a Gorenstein reduced curve, and let
L ∈ Pic(S) such that L2λ ∼= ωSλ for all λ ∈ B. Then:
(i) the map ρ : B → N0, λ 7→ h0(Sλ,Lλ) is constant modulo 2;
(ii) the locus Br := {λ ∈ B : ρ(λ) = r + 1} is empty or has codimension less than or equal to(
r+1
2
)
in B.
Property (i) gives full motivation for the study of the irreducible components of the loci Srg :={
(C,L) ∈ Sg : h0(L) ≥ r + 1 and h0(L) ≡ r + 1(mod 2)
}
and Mrg := pi(Srg ), where pi : Sg →Mg is
the map sending the point (C,L) to [C]. The fundamental fact we are interested in is the following
Proposition 2.2. Srg is empty if and only if r > g−12 . If r ≤ g−12 , for every irreducible component
V ⊂ Srg one has
dimV ≥ 3g − 3−
(
r + 1
2
)
. (2.1)
Proof. If r > g−12 , then Srg is empty by Clifford’s theorem on special divisors on smooth curves. On
the other hand, the locus Mrg, r ≤ bg−12 c is not empty, as it contains the hyperelliptic locus. The
second assertion immediately follows from (ii) of Theorem 2.1. 
If equality holds in (2.1), we say that V has expected codimension (in Sg).
2.2. The Gaussian map. Let X be a smooth projective variety and L ∈ Pic(X). Let R(L) be
the kernel of the multiplication map H0(L)⊗H0(L)→ H0(L2). One has R(L) = ∧2H0(L)⊕ I2(L),
where I2(L) := ker
{
Sym2(L)→ H0(L2)} is the kernel of the restriction of the multiplication map
to the 2-symmetric part of the tensor product. Consider the map
ΦL : R(L)→ H0(Ω1X ⊗ L2)
defined, locally on a Zariski open subset of X over which L is trivial, by the correspondence
s⊗ t 7→ s dt− t ds.
Clearly, ΦL vanishes on symmetric tensors and one can consider the restriction
ΨL := ΦL|∧2H0(L) : ∧2H0(L)→ H0(Ω1X ⊗ L2)
which is called the Gaussian map of L.
Let now L be very ample and identify X with its image in Pr via the embedding given by |L|.
Dualizing the Euler sequence
0→ OX → H0(OX(1))∨ ⊗OX(1)→ TPr |X → 0
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and twisting by OX(2), one obtains the exact sequence
0→ Ω1Pr |X(2)→ H0(OX(1))⊗OX(1)→ OX(2)→ 0
whose associated cohomology sequence yields R(L) = H0(Ω1Pr |X(2)). Moreover, ΦL is exactly the
map associated in cohomology to the map α in the conormal sequence twisted by OX(2)
0→ N∨X(2)→ Ω1Pr |X(2) α−→ Ω1X(2)→ 0.
and thus one has
H0(N∨X(2)) = ker ΦL = ker ΨL ⊕ I2(L) (2.2)
where, as L is very ample, I2(L) ∼= H0(IX(2)). In particular, ΨL is injective if and only if
H0(IX(2)) ∼= H0(N∨X(2)). By the definition of N∨X one has the short exact sequence
0→ I2X(2)→ IX(2)→ N∨X(2)→ 0. (2.3)
Since X is not contained in any hyperplane of Pr, one has H0(I2X(2)) = (0) (the singular locus of
a hyperquadric is empty or a linear space), hence the cohomology sequence of (2.3) immediately
gives:
Proposition 2.3. Notation as above, if H1(I2X(2)) = (0), then ΨL is injective. If moreover X is
2-normal, then the converse holds.
The map ΨL has a very interesting relation with spin curves. For a point (C,L) ∈ Srg , the
forgetful map pi : Sg → Mg gives a natural identification T[C,L]Sg = T[C]Mg = H0(ω2C)∨ between
the Zariski tangent spaces to the moduli stacks. Nagaraj ([18]) has shown that
Theorem 2.4 ([18, Theorem 1]). Let (C,L) ∈ Srg and let ΨL : ∧2H0(L)→ H0(ω2C) be the Gaussian
map. Then
T(C,L)Srg ∼=
(
im (ΨL)
⊥
)∨ ⊂ T(C,L)Sg.
In particular, if ΨL is injective, then dimT(C,L)Srg = 3g − 3−
(
r+1
2
)
.
Combining this result with Proposition 2.2, one immediately obtains the following
Corollary 2.5. Let V ⊂ Srg be an irreducible component and let (C,L) ∈ V such that ΨL is
injective. Then h0(L) = r + 1 and V has expected codimension
(
r+1
2
)
in Sg.
Let C ⊂ Pr be a (nondegenerate) smooth curve of genus g. We say that C is half-canonical if
OC(1) is a theta-characteristic on C. Proposition 2.3 then gives
Fact 2.6. Let C ⊂ Pr be a smooth linearly normal (nondegenerate) half-canonical curve of genus
g. Assume that H1(I2C(2)) = (0). Then the pair (C,OC(1)) is parameterized by an irreducible
component of Srg having the expected codimension in Sg.
which will be our fundamental criterion to check expected codimension in the sequel.
Another important fact concerns Hilbert schemes:
Proposition 2.7. Let C ⊂ Pr be a smooth (nondegenerate) linearly and 2-normal half-canonical
curve of genus g such that the Gaussian map ΨOC(1) is injective. Then [C] is a smooth point of
Hilbrg,g−1. In particular, dim[C] Hilb
r
g,g−1 = h0(NC) = 3g−4 +
(
r+2
2
)
. Moreover, every smooth curve
parameterized by the irreducible component W ⊂ Hilbrg,g−1 containing [C] is half-canonical.
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Proof. Let φ : Hilbrg,g−1 99KMg be the moduli map. Let
OC(1)

// L

C

  // C

[C] 
 // B
be the versal deformation of the spin curve (C,OC(1)). In particular, L ∈ Pic(C ) and L 2 ∼= ωC /B.
Let Br :=
{
b ∈ B|h0(Cb,Lb) ≥ r + 1, h0(Cb,Lb) ≡ r + 1(mod 2)
} ⊂ B. Since OC(1) is very ample
and h0(OC(1)) = r + 1, there exists a nonempty open subset U of an irreducible component of Br
containing the point [C] such that Lb is very ample and h
0(Cb,Lb) = r + 1 for every b ∈ U . This
implies that there exists an irreducible component W ⊂ Hilbrg,g−1 containing [Cb], Cb ↪→ϕ|Lb| Pr, for
every b ∈ U . By Theorem 2.1 (ii), it follows that dimφ(W ) ≥ 3g − 3− (r+12 ).
By assumptions and Proposition 2.3 one has
h0(NC) = χ(NC) + h
1(NC) = χ(NC) + h
0(N∨C (2)) = χ(NC) + h
0(IC(2)) =
= χ(NC) + h
0(OPr(2))− h0(OC(2)) = 3g − 4 +
(
r + 2
2
)
= 3g − 3−
(
r + 1
2
)
+ (r + 1)2 − 1.
Let C ′ be any deformation of C in Pr. Since χ(IC′(2)) = χ(IC(2)) and h1(IC(2)) = 0, sequence (1.1)
for C and C ′ and the upper semicontinuity of the cohomology give 1 = h2(IC(2)) = h2(IC′(2)) =
h1(OC′(2)). Then, using again the upper semicontinuity of the cohomology, one has, for any smooth
curve C ′′ parameterized by W , h1(OC′′(2)) ≥ 1, and, since degOC′′(2) = 2g − 2, one must have
equality. This immediately implies OC′′(2) ∼= ωC′′ i.e. the fact that C ′′ is half-canonical. Since
the number of theta characteristics on a fixed curve is finite, the linear series embedding C is
isolated in the Brill-Noether variety Wrg−1(C), hence the fibre of φ at [C] has dimension H0(TPr).
One then has that dim[C] Hilb
r
g,g−1 = dimφ(W ) + h0(TPr) ≥ 3g − 3 −
(
r+1
2
)
+ (r + 1)2 − 1. Since
H0(NC) ∼= T[C]Hilbrg,g−1, it follows that [C] is a smooth point of Hilbrg,g−1. 
In the end, we mention the fact that will give the base case for the proof of the main theorem.
Proposition 2.8. The locus S26 has an irreducible component V of codimension 3 in S6 such that,
for a general point (C,L) ∈ V , the line bundle L is very ample and the Gaussian map ΨL is injective.
Proof. Let C be a smooth plane quintic and L = OC(1). The adjunction formula gives that L is a
theta-characteristic and h1(NC) = 0. By Serre duality and (2.2), the Gaussian map ΨL is injective,
and, by Corollary 2.5, V has expected codimension in S26 . 
2.3. Deformations of embedded curves. In order to proceed in the described direction, we
have to briefly recall some basic facts about deformations of embedded curves (see [21, Section 1]
for an extensive discussion of all the topic), and then state two general lemmas.
Let X ⊂ Pr, r ≥ 2, be a connected reduced curve with at most nodes as singularities.
There is a 4-terms exact sequence
0→ TX → TPr |X → NX → T 1X → 0
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where TX := Hom(Ω
1
X ,OX) and T 1X is the first cotangent sheaf of X (see [22, Section 1.1.3]),
which is a torsion sheaf supported on the singular locus Sing(X) and having stalk C at each of
the points (if X is smooth, it is obviously the zero sheaf). For every subset I ⊆ Sing(X), we will
denote by T 1X |I the restriction to I of T
1
X extended by zero on X, and by N
I
X := ker
{
NX → T 1X |I
}
.
The vector space H0(N IX) is isomorphic to the tangent space at [X] to the locally closed subscheme
of Hilbrpa(X),deg(X) parameterizing deformations of X which are locally trivial at the points
of I i.e preserve the nodes corresponding to the points of I (if I = Sing(X) these are called
locally trivial deformations of X). In the case I = ∅, one recovers the well-known fact that
H0(NX) ∼= T[X]Hilbrpa(X),deg(X).
The sheaf N ′X := N
Sing(X)
X = ker
{
NX → T 1X
}
is called the equisingular normal sheaf of X.
From the deformation-theoretic interpretation of the cohomology spaces associated to NX and T
1
X ,
it follows that, if the cohomology maps H0(NX) → H0(T 1X |p) are surjective for every p ∈ Sing(X)
and Hilbrpa(X),deg(X) is smooth at [X] (a condition that is implied, in particular, by the vanishing
of h1(NX)), then the curve X (flatly) deforms to a smooth curve in Pr i.e. it is a fibre of a family
of curves X → B, X ⊂ Pr × B, where B is an irreducible algebraic scheme, such that the general
fibre Xb of X is smooth. X is said to be smoothable in Pr (in the sequel we will sometimes omit
the specification of the ambient space and simply say smoothable). Note that, in particular, X is
smoothable if H1(N ′X) = (0).
Lemma 2.9 (cf. [21, Lemma 5.1]). Let C1 ⊂ Pr be a connected reduced curve with at most nodes
as singularities and C2 ⊂ Pr be a smooth connected curve such that X := C1 ∪ C2 is nodal and
∆ := C1 ∩C2 is a smooth 0-dimensional subscheme of C1 and C2 supported at smooth points of C1.
Then there exist exact sequences:
0→ NCi → NX |Ci → T 1X |∆ → 0, i = 1, 2 (2.4)
0→ ICi/X ⊗NX → NX → NX |Ci → 0, i = 1, 2 (2.5)
0→ ICi/X ⊗NX → N∆X → NCi → 0, i = 1, 2 (2.6)
where IC1/X ∼= OC2(−∆) and IC2/X ∼= OC1(−∆).
Proof. By the definition of N∨Ci/X there exists an exact sequence
0→ I2Ci/X → ICi/X → N∨Ci/X → 0 (2.7)
where I2C1/X ∼= OC2(−2∆) and I2C2/X ∼= OC1(−2∆). One then has N∨Ci/X ∼= O∆. By [22, (D.2) and
the proof of Lemma D.1.3 (ii)], there exists a short exact sequence
0→ N∨X |Ci → N∨Ci → N∨Ci/X → 0. (2.8)
Dualizing (2.8) one obtains the short exact sequence
0→ NCi → NX |Ci → Ext1OCi (O∆,OCi)→ 0.
Since Ext1OCi (O∆,OCi) ∼= T
1
X |∆, the existence of (2.4) is proved.
Sequence (2.5) is obtained by tensorizing the exact sequence 0 → ICi/X → OX → OCi → 0 by the
locally free sheaf NX .
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From the definition of N∆X , there exists an inclusion α : ICi/X ⊗NX → N∆X fitting into the commu-
tative exact diagram
0

0

0 // ICi/X ⊗NX
α //
β

N∆X
//

A //
γ

0
0 // ICi/X ⊗NX

// NX

// NX |Ci


// 0
0 // T 1X |∆
η // B
where A := coker α and B := coker γ. Since β is an isomorphism, γ must be injective. By the
injectivity of η and the commutativity of the diagram, one has that im  ∼= T 1X |∆, hence the right
vertical sequence is nothing but sequence (2.4), A ∼= NCi , and the existence of sequence (2.6) is
proved. 
The following Lemma is a strong version of Lemma 2.5 in [4].
Lemma 2.10. Let r ≥ 2 be an integer, let X = X0 ⊂ Pr be a nodal curve and let q : X ⊂ Pr×B → B
be a (flat) family of locally trivial deformations of X over an irreducible algebraic scheme B. Assume
that the critical scheme S ⊂ X of the map q, i.e. the subscheme of nodal points of the fibres of q, is
irreducible. Moreover, assume that h0(N ′X) < h
0(NX) and that the Hilbert scheme Hilb
r
pa(X),deg(X)
is smooth at the point [X]. Then the curve X is smoothable in Pr.
Proof. Up to shrinking B, we can assume that B is nonsingular and S → B is an e´tale covering of
degree |Sing(X)|. Then consider the base change
X˜
q˜

// X
q

S // B
By construction, there exists a section σ : S → X˜ of q˜.
LetN
X˜/S
(respectively, T 1
X˜/S
) be the relative normal bundle (respectively, the first relative cotangent
sheaf) of X˜ over S, and consider the map q˜∗NX˜/S
ρ−→ σ∗T 1
X˜/S
→ cokerρ→ 0.
Since h0(N ′X) < h
0(NX), the image of the map H
0(NX) → H0(T 1X) is at least one-dimensional,
thus there is at least one p ∈ Sing(X) such that the map H0(NX) → H0(T 1X |p) is surjective. If
s = (q(X0), p) ∈ S, that map is exactly the fibre map
q˜∗NX˜/S |s
∼= H0(NX) ρs−→ σ∗T 1X˜/S |s
∼= H0(T 1X |p)
where the isomorphisms are given by the fact that the cohomology of both sheaves is constant
on fibres and both sheaves are flat over S. Then, since cokerρ is a coherent sheaf, there exists a
nonempty open set U ⊂ S such that cokerρ|U ∼= (0). Since S is irreducible, this implies that, for
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the general fibre X˜t, the map H0(NX˜t) → H0(T 1X˜t |w) is surjective for every w ∈ Sing(X˜t). Since
Hilbrpa(X),deg(X) is smooth at [X], it is smooth at [X˜t] too, hence X˜t is smoothable. 
2.4. Elementary transformations of vector bundles. Let C ⊂ Pr be a smooth irreducible
curve and let S := {p1, ..., ps} ⊂ C be a smooth 0-dimensional scheme of length s. Let m be
a positive integer and let E,F be rank m vector bundles on C such that there exists an exact
sequence
0→ E α−→ F → OS → 0. (2.9)
The fibre map αx : Ex → Fx is injective for all x ∈ C r S, while it has a one-dimensional kernel
lx ⊂ Ex for all x ∈ S. The vector bundle F is thus uniquely determined by the scheme S and by
the lines lx ⊂ Ex for all x ∈ S. Let vi = P(lpi), i = 1, ..., s, and define K := {(pi, vi)}i=1,...,s ⊂ P(E),
where P(E) is the projectivized bundle of E.
We say that F is the positive elementary transformation of E defined by K, and we denote it by
Elm+K(E). Of course, given the projection pi : P(E)→ C, one has S = pi(K).
Proposition 2.11. Notation as above, let L ∈ Pic(C). Fix an isomorphism f : P(E)→ P(E ⊗ L)
and let K ′ be the image of K under f . Then one has Elm+K′(E ⊗ L) ∼= Elm+K(E)⊗ L.
Proof. Twisting the exact sequence
0→ E α−→ Elm+K(E)→ OS → 0
by L one obtains
0→ E ⊗ L β−→ Elm+K(E)⊗ L→ OS → 0.
The fibre map βx contracts exactly the same lines lx as αx in the identification among Ex and
(E ⊗ L)x. The claim then follows by definition. 
Proposition 2.12. Notation as above, let K be sufficiently general. Then one has h1(Elm+K(E)) =
max
{
0, h1(E)− s}.
Proof. It is sufficient to prove the result for s = 1 i.e. S = p and then iterate. Dualizing sequence
(2.9) one obtains the short exact sequence
0→ (Elm+K(E))∨ → E∨ → Ext1OC (Op,OC)→ 0, (2.10)
where Ext1OC (Op,OC) ∼= Op. Twisting sequence (2.10) by ωC one obtains the exact sequence
0→ (Elm+K(E))∨ ⊗ ωC → E∨ ⊗ ωC → Op → 0. (2.11)
Since K is general in P(E), one has
h0(
(
Elm+K(E)
)∨ ⊗ ωC) = max{h0(E∨ ⊗ ωC)− 1, 0} .
The claim then immediately follows by Serre duality. 
Let now X ⊂ Pr be a connected reduced nodal curve having C as an irreducible component,
and such that C intersects X r C in a smooth 0-dimensional subscheme ∆ := {p1, ..., ps} of length
s.
Proposition 2.13. Notation as above, let li, i = 1, ..., s, be the tangent line to X r C at the point
pi, let vi = P(li) and let K := {(pi, vi)}i=1,...s ⊂ P(NC). Then one has that NX |C ∼= Elm+K(NC).
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Proof. For all pi ∈ ∆, the kernel of the fibre map αpi : (NC)pi →
(
NX |C
)
pi
(see (2.4)) is exactly the
tangent line to X r C at the point pi. 
Corollary 2.14. Notation as in Proposition 2.13, let L ∈ Pic(C) and assume that K :=
{(pi, vi)}i=1,...,s ⊂ P(NC(L)) is general. Then h1(NX |C(L)) = max
{
0, h1(NC(L))− s
}
.
Proof. Combine Proposition 2.11, Proposition 2.12 and Proposition 2.13. 
2.5. Secant spaces to a projective curve. Let C be a smooth curve of genus g, let L ∈ Pic(C)
and let l = P(V ), V ⊂ H0(C,L) be a linear series on C, dim l = r ≥ 2. Let 0 ≤ f < e be integers,
let C(e) be the e-symmetric product of C and consider the locus V
e−f
e (l) defined set-theoretically as
V e−fe (l) =
{
D ∈ C(e)
∣∣ dim l(−D) ≥ r − e+ f} .
This is the locus of effective divisors of degree e on C which impose at most e − f independent
conditions to l. If l is very ample and C is identified with its image in the embedding C ↪→ϕl Pr,
then V e−fe (l) parameterizes (e−f −1)-planes in Pr which are e-secant to C. We will write V e−fe (L)
for V e−fe (P(H0(C,L))).
There is an equivalent definition, which generalizes to the case in which C is singular. Let Y be
an algebraic scheme, let L ∈ Pic(Y ), l = P(V), V ⊂ H0(Y,L) be a linear series, and consider the
commutative diagram
Y(e−1) × Y
f

  i // Y(e) × Y
p
xx
q // Y
Y(e)
where the maps are the obvious ones. Define EL := f∗i∗q∗L. By [20, (2.5)], there is a naturally
defined morphism of sheaves
σV : V ⊗OY(e) → EL.
We will write σL for σH0(Y,L).
Now, let C be a reduced but possibly singular curve, let L ∈ Pic(C), l = P(V ), V ⊂ H0(C,L), let
Ce be the e-cartesian product of C and consider the obvious projections
C(e)
h←− Ce pii−→ C.
Set L[e] :=
⊕e
i=1 pi
∗
i L. Clearly, L[e] is a locally free sheaf on Ce of rank e. Let EL be the sheaf on
the e-th symmetric product of the smooth locus of C, Csm(e) , whose sections on an open set U are
the G-invariant sections of L[e] on h−1(U) where G is the Galois covering-map group of h. It can
be shown (see [16, Proposition 1 and 2]) that over Csm(e) one has EL
∼= EL, that EL is a locally free
sheaf of rank e, and the map σV restricts over C
sm
(e) to a morphism of vector bundles. Define
V e−fe (l) =
{
D ∈ Csm(e)
∣∣ rk σV |D ≤ e− f} . (2.12)
Scheme-theoretically, V e−fe (l) is given locally at D by (the vanishing of) the e − f + 1 minors of
some matrix representation of σV at D (see [13, Section 4] for details). An immediate consequence
of the definition is the following
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Proposition 2.15. Notation as above, either V e−fe (l) is empty or for every irreducible component
V ⊂ V e−fe (l) one has
dimV ≥ e− f(r + 1− e+ f). (2.13)
If equality holds in (2.13), we say that V has expected dimension.
The case we are interested in is the case in which L is very ample, l is complete and f = 1 (we
will write V e−1e (L) instead of V e−1e (l)). In this situation, the linear span of a divisor D ∈ V e−1e (L)
is a (e − 2)-plane, and the right term of (2.13) becomes 2e − r − 2, thus for e < r2 + 1 we expect
the emptyness of V e−1e (L). However, even if we impose the condition e ≥ r2 + 1 and rule out trivial
cases such as the one of the rational normal curve, the non-emptyness of V e−1e (L) is not granted in
general. In the following Proposition we show non-emptyness for curves obtained by smoothing a
suitable reducible curve. Given a nondegenerate curve C ⊂ Pr and a positive integer k, define the
variety of k-secants of C Sk(C) as the closure in Pr of the quasiprojective variety
S˚k(C) := {p ∈< x0, ..., xk > |x0, ..., xk ∈ C, dim < x0, ..., xk >= k} .
The variety Sk(C) is irreducible of dimension min {2k + 1, r}.
In what follows we will write“l.g.p.”for“linearly general position”and, with a little abuse of notation,
we will indicate with the same notation a certain divisor on a curve and its support.
Proposition 2.16. Let r ≥ 2 and let C ⊂ H ∼= Pr ⊂ Pr+1 be a smooth (nondegenerate) linearly
normal curve. Assume that, for some b r2c + 3 ≤ e ≤ r + 2, the scheme V e−1e (OC(1)) is nonempty
and has an irreducible component Ve whose general point parameterizes a divisor S
r
e = Se ∈ Div(C)
satisfying the following properties:
(?)e

(i) Se ∈ V e−1e (OC(1))r V e−2e (OC(1));
(ii) Se is smooth;
(iii) the points of Se are in l.g.p. in < Se > .
Let H ′ ∼= Pe−1 ⊂ Pr+1 be a (e−1)-plane cutting on H the (e−2)-plane < Se >:= He−2. Let E ⊂ H ′
be a smooth nondegenerate curve intersecting C transversally in Se, and such that [E] is a general
point of an irreducible component of Hilbe−1g(E),deg(E). Assume that X := C ∪ E ⊂ Pr+1 is linearly
normal and smoothable, and let Γ ⊂ Pr+1 be a smooth curve such that [Γ] is a general point of an
irreducible component W ⊂ Hilbr+1pa(X),deg(X) containing the point [X]. Then the curve Γ satisfies the
following property:
(??)r+1
for every b r+12 c+ 2 ≤ h ≤ r + 3, the scheme V h−1h (OΓ(1)) is nonempty, and it has
an irreducible component Vh of the expected dimension (2h− (r + 1)− 2) satisfying
the following properties:
(i) the general point Sr+1h = Sh ∈ Vh satisfies properties (?)h;
(ii) for every b r+12 c+ 2 ≤ f < h, one has Vf + C(h−f) ⊂ Vh.
Proof. We indicate by the symbol / ∼ the quotient by the permutation group. Let Mh be a general
(h − 2)-secant (to C) (h − 3)-plane. If e = r + 2, one has < Mh, He−2 >= He−2 = Pr. Assume
that e ≤ r + 1. Note that there exists a projectivity of Pr sending a set U1 of r + 2 points
whose every proper subset consists of linearly independent points to another set U2 with the same
property. Now, taking U1 :=
{
Se, y1, ..., yr−(e−2)
}
, where the yi’s are general points on C, and
U2 :=
{
Se, z1, ..., zr−(e−2)
}
, where the zi’s are general points of Pr, we obtain that there is a curve
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projectively equivalent to C, call it again C, containing U2. Now, let N :=< z1, ..., zr−(e−2) >. One
has < N,He−2 >∼= Pr. Since r − (e − 2) ≤ h − 3 in our range, one can assume Mh to contain N ,
thus < Mh, He−2 >= Pr. The projective Grassmann formula then gives
dim(Mh∩He−2) = dimMh+dimHe−2−dim(Mh+He−2) = h−3+e−2−r = e+h−5−r. (2.14)
Consider the (irreducible) incidence variety
A :=
{
((x0, ..., xh−3), p) ∈ C(h−2) ×He−2
∣∣∣∣ p ∈< x0, ..., xh−3 >}
with the two canonical projections pi1 : A → C(h−2) and pi2 : A → He−2. Let F be a general fibre
of pi2. By (2.14), the general fibre of pi1 is (e + h − 5 − r)-dimensional, hence one has dimA =
dimC(h−2) + (e + h − 5 − r) = e + 2h − 7 − r. One has dimSh−3(C) = r − 1 if h = b r+12 c + 2
and r is even, Sh−3(C) = Pr otherwise. Note that Sh−3(C) ∩ He−2 and S1(E) ∩ He−2 are both
equidimensional of respective dimension dim im(pi2) and dimS
1(E)− 1 = 2. We have two possible
cases:
a) im(pi2) = He−2, which gives dimF = dimA − dim im(pi2) = 2h − 5 − r. Moreover, one has
S1(E) ∩ Sh−3(C) = S1(E) ∩He−2. Let T be an irreducible component of that scheme.
b) dim im(pi2) = e − 3, which gives dimF = dimA − dim im(pi2) = 2h − 4 − r. The gene-
rality assumption on [E] implies that S1(E) contains the general point of He−2, hence
there is at least one irreducible component T ⊂ S1(E) ∩ Sh−3(C) such that dimT =
dim
(
S1(E) ∩He−2
)− 1 = 1.
In both cases, let Bh be the irreducible component of the locus{
(x0, ..., xh−3, q1, q2) ∈
(C r Se)(h−2) × (E r Se)(2)
∼
∣∣∣∣ < q1, q2 > ∩T ∈< x0, ..., xh−3 >
}
such that, for a general (h-1)-tuple (x0, ..., xh−3, q1, q2) ∈ Bh, (x0, ..., xh−3) is a general fibre of pi2.
One has Bh ⊂ V h−1h (OX(1)) and Bh * V h−2h (OX(1)). Suppose that Bh ⊆ B′h, where B′h is an
irreducible component of V h−1h (OX(1)). Since the multidegree over the irreducible components of
X of a divisor D ∈ B′h remains constant over B′h, and, for a general divisor Dh ∈ Bh, dim < Dh|C >
and dim < Dh|E > are the maximal possible dimensions, it must be Bh = B′h. We claim that there
is only a finite number of 2-secant lines to E passing through a general point of T . Suppose by
contradiction that this in not the case. Then the scheme of 2-secants to E passing through a point
of T has an irreducible component of dimension dimT + 2, hence, if dimT = 1, it must coincide
with S1(E) since S1(E) is irreducible of dimension 3, contradiction as dim
(
S1(E) ∩He−2
)
= 2.
If dimT = 2, contradiction immediately follows as well. As a consequence, Bh has dimension
dimT + dimF = 2h− 3− r = 2h− (r + 1)− 2, which is the expected one.
Let X(h) be the h-symmetric product of the universal family Pr+1×W ⊃ X Ψ−→W , let L := OX (1) ∈
Pic(X ) be the relative hyperplane bundle and let
σL : H0(X ,L)⊗OX(h) → EL
be the map defined above. Let X˜ be the restriction of X to the smooth locus of the fibres
of Ψ, let X˜ rel(h)
ν−→ W be the relative h-symmetric product of X˜ Ψ˜−→ W and define Vh−1h (L) :={
D ∈ X˜ rel(h)
∣∣ rkσL|D ≤ h− 1}. From the definition, it follows that either Vh−1h (L) is empty or each
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of its irreducible components has dimension greater than or equal to 2h− (r + 1)− 2 + dimW .
Let Γ be X or a general fibre of Ψ, let L := OΓ(1) and let D ∈ Γ(h). Since σL|D = σL|D, one has
Vh−1h (L)|ν−1([Γ]) ∼= V h−1h (L).
Since Bh ⊂ V h−1h (OX(1)) has expected dimension, it must “extend” to an irreducible component
B ⊂ Vh−1h (L) intersecting V h−1h (OΓ(1)), otherwise there would be an irreducible component of
Vh−1h (L) of dimension less than 2h − (r + 1) − 2 + dimW , which is not possible. This yields the
existence of an irreducible component Vh ⊂ V h−1h (OΓ(1)) of the expected dimension. Since, by con-
struction, the general point Dr+1h = Dh ∈ Bh is a smooth divisor of X, the general point Sh ∈ Vh
must be a smooth divisor too. Secondly, the points of Dh are in l.g.p. in < Dh >, hence the points
of Sh satisfy the same property in Vh. Moreover, by construction, for every b r+12 c + 2 ≤ f < h,
there exists a divisor Df,h ∈ Bh such that Df,h = Dr+1f +Nf and Nf ∈ Pic(C) is a general divisor
of degree h − f . Indeed, if Mf is the (f − 2)-secant (to C) (f − 3)-space defining Dr+1f , the space
< Mf , Nf > is a (h − 2)-secant (to C) (h − 3)-space containing Mf ∩ T . Assertion (ii) of (??)r+1
then follows from deforming Df,h. 
Remark 2.17. We can add to Proposition 2.16 the additional case r = 2, e = 3, with property (??)3
holding in the restricted range 4 ≤ h ≤ 5. The proof is identical to the one of the Proposition,
except for the fact that when h = 4 one has that S1(E) ∩ H1 = H1 is a line, T = H1 and the
variety of 2-secant (indeed, 3-secant) lines to E ⊂ P2 passing through a point of T is obviously
1-dimensional.
3. Technical lemmas for the proof of the main result
Lemma 3.1. Let r ≥ 2, let E ⊂ Pr be an elliptic normal curve, let q be a point of E and let Σ ⊂ Pr
be hyperplane section of E. Then one has H1(NE(−Σ− q)) = (0). In particular, h1(NE(−Σ)) = 0.
Proof. By [8, Theorem 4.1] one has that NE(−Σ−q) is a semistable vector bundle. Let µ(NE(−Σ−
q)) be the slope of NE(−Σ − q). One has µ(NE(−Σ − q)) = r+3r−1 > 0, hence every quotient line
bundle of NE(−Σ− q) has degree > 0, and there is no nonzero morphism NE(−Σ− q) → ωE . By
Serre duality, one obtains h1(NE(−Σ− q)) = 0. 
Lemma 3.2. Let r ≥ 2, let E ⊂ H ∼= Pr ⊂ Pr+1 be an elliptic normal curve, let l be a line
intersecting E at a point q and let X := E ∪ l. Then X is smoothable to an elliptic normal curve in
Pr+1. In particular, [X] is a point of the irreducible component of Hilbr+11,r+2 which dominates M1.
Proof. Let Σ be a hyperplane section of E. The exact sequence
0→ NE/H → NE/Pr+1 → OE(Σ)→ 0
immediately gives h1(NE/Pr+1) = 0. Since Nl ∼= OP1(1)⊕r, sequence (2.4) for l twisted by Ol(−q)
gives h1(NX |l(−q)) = 0. The short exact sequence (see (2.6))
0→ NX |l(−q)→ N ′X → NE/Pr+1 → 0
then gives h1(N ′X) = 0, hence X is smoothable to an elliptic normal curve in Pr+1. 
Lemma 3.3. Let B ⊂ A ⊂ Y be algebraic schemes such that both A and B are regularly embedded
in Y (see [22, Section D.1] for a precise definition) and let IA ⊂ IB ⊂ OY be the ideal sheaves of A
and B in Y . Then there exists an exact sequence
0→ I2A → I2B → A→ 0 (3.1)
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where the sheaf A fits inside the exact sequence
0→ IB/A ⊗N∨A/Y → A→ I2B/A → 0. (3.2)
Proof. Consider the commutative exact diagram
0

0

B

0 // I2A //

I2B //

A //

0
0 // IA //

IB //

IB/A //

0
N∨A/Y //

N∨B/Y //

N∨B/A

// 0
0 0 0
(3.3)
where the quotient A/B is isomorphic to I2B/A.
The snake lemma gives the existence of a 4-term exact sequence
0→ B → N∨A/Y → N∨B/Y → N∨B/A → 0. (3.4)
Since B and A are both regularly embedded in Y , by the proof of [22, Lemma D.1.3 (ii)] sequence
(3.4) splits into the two short exact sequences 0→ B → N∨A/Y → N∨A/Y |B → 0 and 0→ N
∨
A/Y |B →
N∨B/Y → N∨B/A → 0. This gives in turn B ∼= IB/A ⊗N∨A/Y . 
Lemma 3.4. Let B ⊂ H ∼= Pr ⊂ Pr+1 be a linearly normal curve. If H1(I2B/H(2)) = (0), then
H1(I2B/Pr+1(2)) = (0).
Proof. By Lemma 3.3, there exists an exact sequence
0→ I2H/Pr+1(2)→ I2B/Pr+1(2)→ A→ 0
where 0→ B → A→ I2B/H(2)→ 0 and B ∼= IB/H ⊗N∨H/Pr+1(2) ∼= IB/H(1).
Since B is linearly normal, one has H1(IB/H(1)) = (0). Noting that I2H/Pr+1(2) ∼= OPr+1 , and
computing cohomology the claim follows. 
Lemma 3.5. Fix integers r ≥ 2, b r2c + 2 ≤ h ≤ r + 2. Let B ⊂ H ∼= Pr ⊂ Pr+1 be a smooth
(nondegenerate) curve carrying a smooth divisor S = Sh := {p1, ..., ph} satisfying (?)h of Proposition
2.16. Let H ′ ∼= Ph−1 ⊂ Pr+1 be a (h − 1)-plane cutting on H the (h − 2)-plane < Sh >:= Hh−2.
Let E ⊂ H ′ be an elliptic normal curve intersecting B transversally in Sh, let Σ be a hyperplane
section of E and let Y := B ∪ E ⊂ Pr+1. Let li, i = 1, ..., h, be the tangent line to B at pi,
let vi = P(li) and assume that, for h ≤ r + 1 and k = r + 2 − h, the 0-dimensional scheme
K := {(pi, vi)}i=1,...,k ⊂ P(NE/Pr+1(−Σ)) is general. Then one has H1(NY |E(−Σ)) = (0).
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Proof. Consider the commutative exact diagram
0

0

0 // NE/H′
∼= //

NE/H′ //

0

0 // NE/Pr+1 //

NY |E //

T 1Y
//
∼=

0
0 // OE(Σ)⊕r+2−h

//M //

OS

// 0
0 0 0
(3.5)
Twisting the left vertical sequence by OE(−Σ) and using Lemma 3.1, one obtains
h1(NE/Pr+1(−Σ)) = r + 2 − h. If h = r + 2, the central horizontal sequence of diagram (3.5)
twisted by OE(−Σ) then immediately gives H1(NY |E(−Σ)) = (0). Assume then that h ≤ r + 1,
let S˜ := {(pi, vi)}i=1,...,h ⊂ P(NE/Pr+1(−Σ)), let T be the projection of K over E and consider the
diagram
0

0

0

0 // NE/Pr+1(−Σ) //
∼=

E //

OT

// 0
0 // NE/Pr+1(−Σ) //

F //

OS //

0
0 // OSrT //

OSrT

// 0
0 0
(3.6)
whose horizontal short exact sequences are the positive elementary transformations of NE/Pr+1(−Σ)
associated to K and S˜, respectively.
By Proposition 2.11 and Proposition 2.13, NY |E(−Σ) is isomorphic to F . By assumptions and
Proposition 2.12, one has h1(E) = max{0, h1(NE/Pr+1(−Σ))− k} = 0.
The central vertical sequence of (3.6) then gives h1(NY |E(−Σ)) = 0. 
Remark 3.6. Let q1, ..., qh be h general points on a smooth elliptic curve. The divisorM := q1+...+qh
gives an embedding of the curve as an elliptic normal curve E ⊂ Ph−1, having M itself as a
hyperplane section. As a consequence, p1, ..., ph can always be assumed to be general points on E.
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4. The main result
We can now proceed with the proof of the main result, which goes on by induction on r. We
start with a smooth half-canonical (nondegenerate) curve C ⊂ Pr of genus g(r) := b r2+10r+14 c such
that C satisfies the following properties:
(∗)

(i) C is linearly normal i.e. h1(IC(1)) = 0;
(ii) C is 2-normal i.e. h1(IC(2)) = 0;
(iii) h1(OC(2)) = 1;
(iv) h1(I2C(2)) = 0.
In particular, by Fact 2.6 the pair (C,OC(1)) is parameterized by an irreducible component
Vr ⊂ Srg(r) having expected codimension.
We construct a suitable reducible curve X := C ∪ E ⊂ Pr+1, where E is an elliptic normal
curve whose degree is the right one to obtain pa(X) = g(r + 1) and deg(X) = pa(X) − 1. We
show that properties (∗) “propagate” to X and that X is smoothable to a curve Γ ⊂ Pr+1. As
a consequence of the argument outlined in the last part of the Introduction, Γ will turn out
to be a half-canonical curve still satisfying properties (∗), hence again Fact 2.6 gives that the
pair (Γ,OΓ(1)) is parameterized by an irreducible component Vr+1 ⊂ Sr+1g(r+1) having expected
codimension.
Theorem 4.1. Fix integers r ≥ 2 and b r2c + 2 ≤ h ≤ r + 2. Let C ⊂ H ∼= Pr ⊂ Pr+1 be
a smooth (nondegenerate) half-canonical curve of genus g ≥ r2+r+24 satisfying properties (∗) and
such that [C] is a general point of the irreducible component W ⊂ Hilbrg,g−1 containing it. Assume
that C satisfies property (??)r of Proposition 2.16, let S = Sh := {p1, ..., ph} and let H ′ ⊂ Pr+1
be a (h − 1)-plane cutting on H the (h − 2)-plane < Sh >:= Hh−2. Let E = Eh ⊂ H ′ be an
elliptic normal curve intersecting C transversally in Sh. Let Σ be a hyperplane section of E and let
X = Xh := C ∪ Eh ⊂ Pr+1. Then X satisfies properties (∗) and h1(NX |E(−Σ)) = 0.
Proof. Through all the proof, we will denote the ideal sheaf IS/Pr+1 by IS .
(i) It is sufficient to compute cohomology of the Mayer-Vietoris sequence
0→ IX(1)→ IC/Pr+1(1)⊕ IE/Pr+1(1)→ IS(1)→ 0
and note that h0(IX(1)) = 0 since X ⊂ Pr+1 is nondegenerate;
(ii) Consider the exact sequence
0→ IX(2)→ IC/Pr+1(2) α−→ IC/X(2)→ 0.
From (ii) for C it follows that h1(IC/Pr+1(2)) = 0, hence to prove (ii) for X it is sufficient to
show that the map H0(α) is surjective. One has IC/X(2) ∼= OE(2Σ−S) ∼= OE(Σ) since S is
a hyperplane section of E. On the other hand, C is contained in H, thus IC/Pr+1(2) possesses
global sections whose zero locus is a reducible hyperquadric split in two hyperplanes one of
which is H. As a consequence, H0(IC/Pr+1(2)) ⊃ H0(OPr+1(1)). Since E is linearly normal,
H0(α) is surjective;
(iii) The cohomology sequence of
0→ IX(2)→ OPr+1(2)→ OX(2)→ 0 (4.1)
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gives h1(OX(2)) = h2(IX(2)). Consider the Mayer-Vietoris sequence
0→ IX(2)→ IC/Pr+1(2)⊕ IE/Pr+1(2)→ IS(2)→ 0. (4.2)
Since the points of S impose independent conditions to hyperquadrics in Pr+1, the exact
sequence
0→ IS(2)→ OPr+1(2)→ OS(2)→ 0
gives h1(IS(2)) = h2(IS(2)) = 0.
Sequences analogous to (4.1) for C and E give h2(IC/Pr+1(2)) = h1(OC(2)) = 1 and
h2(IE/Pr+1(2)) = 0, hence (4.2) gives h1(OX(2)) = 1;
(iv) Since C is linearly normal, by Lemma 3.4 one has h1(I2C/Pr+1(2)) = 0. By Lemma 3.3, there
exists an exact sequence
0→ I2X(2)→ I2C/Pr+1(2)→ A→ 0 (4.3)
where
0→ B → A→ I2C/X(2)→ 0 (4.4)
with B ∼= IC/X ⊗N∨X(2) ∼= N∨X |E(2Σ− S) ∼= N∨X |E(Σ) and I2C/X(2) ∼= OE(2Σ− 2S) ∼= OE .
Serre duality gives h0(N∨X |E(Σ)) = h
1(NX |E(−Σ)). Let li, i = 1, ..., h, be the tangent line
to C at the point pi and let vi = P(li). Let W (−S) ⊂ W be the irreducible component of
the subscheme parameterizing curves passing through S which contains [C]. Imposing to a
curve parameterized by W the passage through S accounts for at most h(r− 1) conditions,
hence dimW (−S) ≥ dimW − h(r − 1). Imposing to a curve of W (−S) a fixed tangency
condition at k = r + 2− h points of S accounts for at most k(r − 1) additional conditions.
By the assumptions on g, one has dimW (−S) − k(r − 1) ≥ dimW − (h + k)(r − 1) ≥
χ(NC/Pr) − (r + 2)(r − 1) = 4(g − 1) − (r + 2)(r − 1) ≥ 0. The fact that [C] is a general
point of W , combined with Remark 3.6, then gives that, for h ≤ r + 1, the 0-dimensional
scheme K := {(pi, vi)}i=1,...,k ⊂ P(NE/Pr+1(−Σ)) is general, hence Lemma 3.5 applies and
h1(NX |E(−Σ)) = 0. The cohomology sequence of (4.4) then gives h0(A) ≤ 1. Since C is a
nondegenerate curve in H ∼= Pr, one has h0(I2C/Pr+1(2)) = 1 (the only hyperquadric whose
singular locus contains C is 2H), hence the cohomology sequence of (4.3) gives h0(A) = 1
and h1(I2X(2)) = 0.

Proposition 4.2. Notation as in Theorem 4.1, assume that X = Xh is smoothable. Then, it is
smoothable to a half-canonical curve Γ ⊂ Pr+1 satisfying properties (∗). In particular, the Gaussian
map ΨOΓ(1) is injective.
Proof. Let Γ ⊂ Pr+1 be a general smoothing of X. One has g(Γ) = pa(X) = g(C) + h and
deg(Γ) = deg(C)+deg(Eh) = g(C)−1+h = g(Γ)−1. Since χ(IΓ(2)) = χ(IX(2)) and h1(IX(2)) = 0,
sequence (4.1) for X and Γ and the upper semicontinuity of the cohomology give 1 = h2(IX(2)) =
h2(IΓ(2)) = h1(OΓ(2)), hence OΓ(2) ∼= ωΓ. Properties (i) and (iv) of (∗) follow from the upper
semicontinuity of the cohomology too. By Proposition 2.3, the Gaussian map ΨOΓ(1) is injective. 
Proposition 4.3. Notation as in Theorem 4.1, let W r+1pa(X),h ⊂ Hilb
r+1
pa(X),deg(X)
be the (closure
of the) locus parameterizing curves X := Xh. Then W
r+1
pa(X),h
is equidimensional of dimension
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3pa(X)− 5 +
(
r+3
2
)
. In particular, if Xh is smoothable to a curve Γ, then W
r+1
pa(X),h
has codimension
1 inside Hilbr+1pa(X),deg(X).
Proof. We want to compute the number nh of parameters a curve Xh := C∪Eh parameterized by an
irreducible component of W r+1pa(X),h depends on. Let E ⊂ Hilb
h−1
1,h be the subscheme parameterizing
smooth elliptic normal curves containing Sh, and let Rh ⊂ E be the irreducible component containing
[Eh]. By Lemma 3.1, the normal bundle NEh/H′ satisfies h
1(NEh/H′(−Sh)) = 0. Thus [2, Lemma
2.4] assures that Rh is smooth at [Eh], and dimRh = dim[Eh] Hilb
h−1
1,h −h(h−2) = h2−(h2−2h) = 2h.
Using Proposition 4.2 and Proposition 2.7 one then obtains
nh = 3g(C)− 4 +
(
r + 2
2
)
︸ ︷︷ ︸
dimW
+ r + 1︸ ︷︷ ︸
choice of H⊂Pr+1
+ 2h− r − 2︸ ︷︷ ︸
dimVh
+ r + 2− h︸ ︷︷ ︸
choice of H′⊃<Sh>
+ 2h︸︷︷︸
dimRh
=
= 3(g(C) + h)− 4 +
(
r + 3
2
)
− 1 = dim[Γ] Hilbr+1pa(X),deg(X) − 1

The most difficult part of our argument is proving the smoothability of the curves X := Xh ⊂
Pr+1. Since we mostly deal with curvesX such that h1(NX) >> 0 and χ(NX) is less than the number
of parameters counting locally trivial deformations of X, standard techniques fail to provide a proof
in our situation. Nevertheless, exploiting the very specific fact that OX(ωX − 2H) has degree 0 on
X, one can obtain a lower bound on h0(NX) which, under delicate additional conditions, guarantees
the existence of “enough” embedded deformations for X.
Lemma 4.4. Notation as in Theorem 4.1, let b r2c + 2 ≤ h ≤ r + 2 and let Xh := C ∪ Eh ⊂ Pr+1.
Then one has h0(NXh) = 3pa(Xh)− 4 +
(
r+3
2
)
. If h ≥ b r2c+ 3, let qh−1 be a general point of Eh−1,
p′h be a general point of C, l :=< qh−1, p
′
h >, m :=< ph−1, p
′
h > and Z := Xh−1 ∪m. Then one has
h0(NXh−1∪l) = 3pa(Xh)− 4 +
(
r+3
2
)
. Moreover, if g(C) ≤ (r+22 )− 1, h0(NZ) = 3pa(Xh)− 4 + (r+32 ).
Proof. Let X := Xh, E := Eh and S := Sh. One has OX(ωX − 2H)|C = OC(S) and OX(ωX −
2H)|E = OE(−S), hence, twisting the short exact sequence
0→ OC(−S)→ OX → OE → 0
by NX(ωX − 2H) one obtains the exact sequence
0→ NX |C → NX(ωX − 2H)→ NX |E(−S)→ 0.
One the other hand, (2.5) writes as
0→ NX |E(−S)→ NX → NX |C → 0. (4.5)
Computing cohomology of both sequences and using Theorem 4.1 one obtains h0(NX) ≥
h0(NX(ωX − 2H)).
Let’s compute h0(NX(ωX − 2H)). Serre duality gives h0(NX(ωX − 2H)) = h1(N∨X(2)). Since X
is a locally complete intersection curve, one has 4(pa(X) − 1) = χ(NX) = χ(NX(ωX − 2H)) =
−χ(N∨X(2)). Since X ⊂ Pr+1 is nondegenerate and h1(IX(2)) = h1(I2X(2)) = 0 by properties (ii)
and (iv) of Theorem 4.1, computing cohomology of sequence (2.3) yields h0(N∨X(2)) = h
0(IX(2)) =
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h0(OPr+1(2))− h0(OX(2)) =
(
r+3
2
)− pa(X), from which h1(N∨X(2)) = 3pa(X)− 4 + (r+32 ).
Now, consider the commutative exact diagram
0

0

0 // NC/H
∼= //

NC/H //

0

0 // NC/Pr+1 //

NX |C //

T 1X
//
∼=

0
0 // OC(Σ)

//M //

T 1X

// 0
0 0 0
(4.6)
where Σ is a hyperplane section of C. An argument analogous to the one carried out in [4,
Lemma 3.2], gives M ∼= OC(Σ + S). Serre duality gives h0(OC(Σ + S)) = h1(OC(Σ − S)). Since
< S >∼= Ph−2, one has h0(OC(Σ − S)) = r + 1 − (h − 1) = r + 2 − h, hence Riemann-Roch
theorem gives h1(OC(Σ − S)) = −g(C) + 1 + h − 1 + g(C) + r + 2 − h = r + 2. Taking coho-
mology of the central vertical sequence of diagram (4.6) and using Proposition 2.7, one obtains
h0(NX |C) ≤ 3g(C) − 4 +
(
r+2
2
)
+ r + 2. From Theorem 4.1 one gets h0(NX |E(−S)) = 3h, hence
taking cohomology of (4.5) gives h0(NX) ≤ 3pa(X)− 4 +
(
r+3
2
)
.
Let now E := Eh−1 and S := Sh−1. The central vertical sequence of diagram (4.6) gives
h1(NXh−1 |C) ≥ 1. Since by Lemma 3.2 and (??)r (ii) of Proposition 2.16 Xh−1 ∪ l deforms to
Xh, by the upper semicontinuity of the cohomology it is sufficient to show that h
0(NXh−1∪l) ≤
3pa(Xh)− 4 +
(
r+3
2
)
. Consider the exact sequence (see (2.5))
0→ NXh−1∪l|l(−qh−1 − p′h)→ NXh−1∪l → NXh−1∪l|Xh−1 → 0 (4.7)
Seeing NXh−1∪l|l as a positive elementary transformation of Nl
∼= OP1(1)⊕r it is immediate to see
that h0(NXh−1∪l|l(−qh−1 − p′h)) = 2. Let b be the tangent line to l at p′h and let v = P(b). Up to
deforming C keeping the points of Sh fixed, the point (p
′
h, v) is general as a point of P(NXh−1 |C),
hence Proposition 2.12 and Proposition 2.13 give
h1(NXh−1∪l|C) = h
1(NXh−1 |C)− 1. (4.8)
Twisting the exact sequence 0 → OE(−S) → OXh−1 → OC → 0 by NXh−1 and using Theorem 4.1
one obtains h1(NXh−1) = h
1(NXh−1 |C). Seeing NXh−1∪l|E as a positive elementary transformation
of NXh−1 |E and using again Theorem 4.1 it is immediate to see that h
1(NXh−1∪l|E(−S)) = 0, thus
twisting the above sequence by NXh−1∪l|Xh−1 gives h
1(NXh−1∪l|Xh−1) = h
1(NXh−1∪l|C). Equality
(4.8) then gives h0(NXh−1) = h
0(NXh−1∪l|Xh−1) − 1. Sequence (4.7) then yields h
0(NXh−1∪l) ≤
2 + h0(NXh−1) + 1 = h
0(NXh).
If g(C) ≤ (r+22 ) − 1, by Proposition 2.7 one has that h1(NC/H) ≥ 1. By construction Z deforms
to Xh−1 ∪ l, hence by the upper semicontinuity of the cohomology it is sufficient to show that
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h0(NZ) ≤ 3pa(Xh) − 4 +
(
r+3
2
)
. By [22, (D.2) and the proof of Lemma D.1.3 (ii)] there exists a
short exact sequence
0→ N∨Z |C∪m → N∨C∪m/Pr+1 → N∨C∪m/Z → 0 (4.9)
where N∨C∪m/Z ∼= IC∪m/Z/I2C∪m/Z ∼= OE(−S)/OE(−2S) ∼= OS . Dualizing (4.9) one obtains the
short exact sequence
0→ NC∪m/Pr+1 → NZ |C∪m → OS → 0
which fits into the commutative exact diagram
0

0

0 // NC∪m/H
∼= //

NC∪m/H //

0

0 // NC∪m/Pr+1 //

NZ |C∪m //

OS //
∼=

0
0 // OC∪m(Σ)

// L //

OS

// 0
0 0 0
(4.10)
An argument analogous to the one used in [4, Lemma 3.2] shows that L is a line bundle. Twisting
the short exact sequence 0→ Om(−p− q)→ OC∪m → OC → 0 by L one obtains
0→ L|m(−p− q)→ L → L|C → 0. (4.11)
Note that the restriction of last horizontal sequence of diagram (4.10) to C is exactly the last
horizontal sequence of diagram (4.6) (written down for X = Xh−1), hence L|C ∼= OC(Σ + S). On
the other hand, since by Riemann-Roch theorem one has χ(OC(Σ)) = χ(OC∪m(Σ)) = 0, it follows
that χ(L|m(−p−q)) = χ(L)−χ(L|C) = h−h = 0, from which one has that L|m(−p−q) ∼= OP1(−1).
Computing cohomology of sequence (4.11) then gives h0(L) = r + 2. Let us compute h0(NC∪m/H).
Let b be the tangent line to m at p′h and let v = P(b). Up to deforming C keeping ph−1 fixed, we
can assume that (p′h, v) ∈ P(NC/H) is a general point, hence by Proposition 2.12 the elementary
transformation F of NC/H associated to (p′h, v) has h1(F) = h1(NC/H) − 1. The existence of an
exact sequence 0 → F → NC∪m/H |C → Oph−1 → 0 then gives h0(NC∪m/H |C) ≤ h0(NC/H) + 1.
Using Proposition 2.7 and computing cohomology of the exact sequence
0→ NC∪m/H |m(−p− q)→ NC∪m/H → NC∪m/H |C → 0 (4.12)
one then obtains h0(NC∪m/H) ≤ 2 + 3g(C) − 4 +
(
r+2
2
)
+ 1 = 3g(C) − 1 + (r+22 ), thus the central
vertical sequence of diagram (4.10) gives h0(NZ |C∪m) ≤ 3g(C)−1+
(
r+2
2
)
+r+2 = 3g(C)−1+(r+32 ).
In the end, consider the exact sequence 0→ NZ |E(−S)→ NZ → NZ |C∪m → 0. Again by [22, (D.2)
and the proof of Lemma D.1.3 (ii)] there exists a short exact sequence 0 → N∨Z |Xh−1 → N∨Xh−1 →
IXh−1/Z/I2Xh−1/Z → 0, with IXh−1/Z/I2Xh−1/Z ∼= Om(−p′h)/Om(−2p′h) ∼= Op′h . Twisting by OE(S)
and dualizing one obtains NZ |E(−S) ∼= NXh−1 |E(−S). By Theorem 4.1 one has h0(NXh−1 |E(−S)) =
3(h−1), thus h0(NZ) ≤ 3(h−1)+3g(C)−1+
(
r+3
2
)
= 3(g(C)+h)−4+(r+32 ) = 3pa(Xh)−4+(r+32 ). 
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Lemma 4.5. Notation as in Lemma 4.4 assume that, for a fixed b r2c + 3 ≤ h ≤ r + 2 there exist
smoothings Ch−1, Ch of curves Xh−1, Xh, respectively. Let n be a 2-secant line to Ch−1. Then the
curves Ch, Ch−1 ∪n,Xh−1 ∪ l and Xh are all parameterized by smooth points of the same irreducible
component W r+1pa(Xh) ⊂ Hilb
r+1
pa(Xh),pa(Xh)−1, which has dimension 3pa(Xh)− 4 +
(
r+3
2
)
.
Proof. by Lemma 3.2 and (??)r (ii) of Proposition 2.16, one has that Xh−1 ∪ l deforms to Xh.
As a consequence, there exists an open neighborhood U ⊂ Hilbr+1pa(Xh),pa(Xh)−1 of [Xh−1 ∪ l] such
that [Xh], [Ch−1 ∪ n], [Ch] ∈ U . It is then sufficient to show that [Xh−1 ∪ l] is a smooth point of
Hilbr+1pa(Xh),pa(Xh)−1, which immediately follows from Proposition 4.3, the fact that [Xh−1∪ l] belongs
to W r+1pa(Xh),h and the fact that T[Xh−1∪l]Hilb
r+1
pa(Xh),pa(Xh)−1 = h
0(NXh−1∪l) = 3pa(Xh)− 4 +
(
r+3
2
)
by
Lemma 4.4. 
Theorem 4.6. For all integers r ≥ 2 and g satisfying
br
2 + 10r + 1
4
c := g(r) ≤ g ≤
(
r + 2
2
)
(4.13)
there exists a smooth (nondegenerate) half-canonical curve Γ = Γr,g ⊂ Pr satisfying properties (∗).
In particular, the Gaussian map ΨOΓ(1) is injective, and the pair (Γ,OΓ(1)) is parameterized by an
irreducible component V˜r,g ⊂ Srg having expected codimension in Sg.
Proof. The proof is by induction on r. The base case (r = 2) is given by Proposition 2.8, a quintic
plane curve C6 of genus 6 such that (C6,OC6(1)) is a general point of V = V˜2,6. It is straightforward
to verify that this curve satisfies the assumptions of Theorem 4.1. Assume by induction that, for
all g(r) ≤ g ≤ (r+22 ), Cg ⊂ H ∼= Pr is a smooth (nondegenerate) half-canonical curve of genus g
satisfying the assumptions of Theorem 4.1. In particular, the curve Cg satisfies property (??)r of
Proposition 2.16. Let then Xgh := C
g ∪ Eh ⊂ Pr+1 be a curve constructed as in Theorem 4.1: at
every step of the induction process, one attaches to Cg an elliptic normal curve intersecting it in h
points. By Theorem 4.1, Xgh satisfies properties (∗).
For b r2c+ 3 ≤ h ≤ r + 2, the arithmetic genus of Xgh lies in the interval between
6 +
r∑
i=2, i odd
(
i+ 1
2
+ 2
)
+
r∑
i=2, i even
(
i
2
+ 3
)
= 6 +
r∑
i=2
(
i
2
+ 3
)
−
r∑
i=2, i odd
1
2
=
= b(r + 1)
2 + 10(r + 1) + 1
4
c := g(r + 1)
and
6 +
r∑
i=2
(i+ 2) =
(
(r + 1) + 2
2
)
.
We want to show that, for these values of h, Xgh is smoothable. If g =
(
r+2
2
)
and h = r + 2,
Xgh is smoothable by [4, Lemma 3.2] (it is the “trivial” case, where h
1(NXgh
) = 0). In the other
cases, suppose by contradiction that Xgh admits (as an embedded curve) only locally trivial
deformations i.e. that, notation as in Proposition 4.3, in a neighborhood of [Xgh] the Hilbert scheme
Hilbr+1
pa(X
g
h),pa(X
g
h)−1
is set-theoretically the locus W r+1
pa(X
g
h),h
. We have to consider two cases:
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g ≤ (r+22 )− 1] Let n be a 2-secant line to Cg. Let Z = Xgh−1 ∪m and Xgh−1 ∪ l be as in Lemma 4.4. By
construction, Lemma 3.2 and (??)r (ii) of Proposition 2.16, the curves X
g
h, X
g
h−1 ∪ l and Z
are parameterized by the same irreducible component of W r+1
pa(X
g
h),h
.[
g =
(
r+2
2
)]
We have two subcases:
[r = 3] There is only one curve to consider, namely X104 ⊂ P4, for which the proof goes on as in
the case r ≥ 4, provided that we define “good” curves C9 ⊂ P3 (which is not “reached”
by our induction argument, as its genus is too low) and X94 ⊂ P4, and we prove that, if
n is a 2-secant line to C9, one has that C9∪n and C10 (which is obtained by smoothing
X64 ⊂ P3) are parameterized by the same irreducible component of Hilb310,9.
By Lemma 4.4, one has dim[X63 ] Hilb
3
9,8 ≤ 33. Then, by [19, Proposition 4.7 and The-
orem 3.7], X63 is smoothable to a complete intersection C
9 of a quadric and a quartic
surface. By Remark 2.17 and Proposition 4.2, C9 satisfies the assumptions of Theorem
4.1 (with (??)3 of Proposition 2.16 holding only in the restricted range 4 ≤ h ≤ 5). In
particular, a curve X94 is defined. Moreover, C
9 ∪ n is a 2-normal curve of arithmetic
genus 10 and degree 9 in P3, hence it is smoothable to C10 by [11, IV, Example 6.4.3]
(showing smoothability is an easy exercise).
[r ≥ 4] Let Z = Xg−1h ∪ m and Xg−1h ∪ l be as in Lemma 4.4 (recall that we are assu-
ming h ≤ r + 1). Let n be a 2-secant line to Cg−1 (note that Cg−1 always ex-
ists). By Lemma 4.5, Cg−1 ∪ n and Cg belong to the same irreducible component of
Hilbrg,g−1. By inductive assumption, the curve X
g−1−r
r ⊂ Pr is smoothable to Cg−1. Let
Bh ⊂ V h−1h (OXg−1−rr (1)) and V C
g−1
h ⊂ V h−1h (OCg−1(1)) be the irreducible components
exhibited in the proof of Proposition 2.16. Now, Bh and V
Cg−1
h correspond in an obvious
way to irreducible components (call then again Bh and V
Cg−1
h ) of V
h−1
h (OXg−1−rr ∪s(1))
and V h−1h (OCg−1∪n(1)), respectively, where s is a general line meeting each of the two
components of Xg−1−rr at one point. Let X(h) be the h-symmetric product of the uni-
versal family Pr+1 ×W r
pa(X
g−1−r
r+1 )
⊃ X Ψ−→ W r
pa(X
g−1−r
r+1 )
, let L := OX (1) ∈ Pic(X ) be
the relative hyperplane bundle and let Vh−1h (L) be as in the proof of Proposition 2.16.
By inductive assumption and Lemma 4.5, the curves Xg−1−rr ∪ s, Xg−1−rr+1 , Cg−1 ∪ n
and Cg are all fibres of Ψ. It is then clear from the proof of Proposition 2.16 that V C
g
h
and V C
g−1
h are restrictions to the respective fibres of Ψ of an irreducible component of
Vh−1h (L) extending Bh, thus the divisor SC
g−1
h on C
g−1∪n (which is actually supported
on Cg−1) deforms to the divisor SCgh on C
g.
As a consequence, if there exists a partial smoothing of Xg−1h ∪ n preserving the nodes
at SC
g−1
h , that curve deforms to X
g
h. In order to show that this partial smoothing exists,
consider then the short exact sequence (see (2.6))
0→ N
Xg−1h ∪n|Eh
(−Sh)→ NShN
X
g−1
h
∪n
→ NCg−1∪n → 0. (4.14)
Since n ∩ Eh = ∅, one has h1(NXg−1h ∪n|Eh(−Sh)) = h
1(N
Xg−1h |Eh
(−Sh)), which is
0 by Theorem 4.1. Sequence (4.14) then yields the surjectivity of the map α :
H0(NShN
X
g−1
h
∪n
) → H0(NCg−1∪n). A short exact sequence analogous to (4.12) gives
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h0(NCg−1∪n/H) = 3g − 4 +
(
r+2
2
)
, from which h0(NCg−1∪n) = 3g − 4 +
(
r+2
2
)
+ r + 1
and thus h0(NShN
X
g−1
h
∪n
) = 3(g + h) − 4 + (r+22 ) + r + 1. By Proposition 4.3, the latter
number equals dimW r+1
pa(X
g
h),h
, which is exactly the number of parameters a deforma-
tion of Xg−1h ∪ n preserving the nodes at Sh depends on. Since (see Subsection 2.3)
H0(NSh
Xg−1h ∪n
) is isomorphic to the tangent space at [Xg−1h ∪n] to the locally closed sub-
scheme of Hilbr+1
pa(X
g
h),pa(X
g
h)−1
which parameterizes deformations of Xg−1h ∪n preserving
the nodes at Sh, that scheme must be smooth at [X
g−1
h ∪ n]. As a consequence, the
surjectivity of α gives that, provided Xg−1h is chosen in the suitable irreducible compo-
nent of W r+1
pa(X
g−1
h ),h
(i.e., notation as in the proof of Proposition 4.3, Eh is chosen in the
suitable irreducible component Rh), the curves X
g−1
h ∪n, Xgh (and, by construction, Z)
are parameterized by the same irreducible component of W r+1
pa(X
g
h),h
.
Figure 1. if Xgh admits only locally trivial deformations, X
g
h−1 ∪ l and Xgh−1 ∪
n are necessarily parameterized by two different irreducible components of
Hilbr+1
pa(X
g
h),pa(X
g
h)−1
, whose intersection scheme contains [Z]. The dotted arrows repre-
sent the two (flat) deformations of Z.
Now, by [24, Theorem 1.3.2], the curves
{
Xgh and X
g
h−1 ∪ n, g ≤
(
r+2
2
)− 1
Xg−1h ∪ l and Xgh, g =
(
r+2
2
) } must necessarily
be parameterized by two different irreducible components of Hilbr+1
pa(X
g
h),pa(X
g
h)−1
, whose intersection
scheme contains [Z] (see Figure 1, representing the case g ≤ (r+22 )− 1, the other one is analogous),
so that dimT[Z]Hilb
r+1
pa(X
g
h),pa(X
g
h)−1
= h0(NZ) must be greater than h
0(NXgh
), which by Lemma 4.4
is a contradiction.
Then, by Proposition 4.3, Xgh must be parameterized by an irreducible component W
r+1
pa(X
g
h)
⊂
Hilbr+1
pa(X
g
h),pa(X
g
h)−1
such that dimW r+1
pa(X
g
h)
≥ 3pa(Xgh) − 4 +
(
r+3
2
)
. Lemma 4.4 yields equality and
the fact that [Xgh] is a smooth point of W
r+1
pa(X
g
h)
(and of Hilbr+1
pa(X
g
h),pa(X
g
h)−1
). Now, using Theorem
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4.1 and Proposition 2.7 to compute cohomology of the exact sequence (see (2.6))
0→ NXgh |Eh(−Sh)→ N
′
Xgh
→ NCg → 0
one obtains h0(N ′
Xgh
) = 3pa(X
g
h)−5+
(
r+3
2
)
< h0(NXgh
), hence Lemma 2.10 applies and Xgh is smooth-
able. Proposition 4.2 then gives thatXgh is smoothable to a half-canonical curve Γ = Γr+1,g+h ⊂ Pr+1
satisfying properties (∗). In particular, the Gaussian map ΨOΓ(1) is injective, hence, by Corollary
2.5, the pair (Γ,OΓ(1)) is parameterized by an irreducible component V˜r+1,g+h ⊂ Sr+1g+h having ex-
pected codimension in Sg+h. Moreover, by Proposition 2.16, Γr+1,g+h satisfies (??)r+1. Then one
defines Cg+h := Γr+1,g+h ⊂ Pr+1 and the inductive step is proved. 
Proposition 1.4 (induction on g) applied on the components V˜r,g(r) ⊂ Srg(r) immediately gives
the main result of the paper:
Theorem 4.7. For all integers r ≥ 2 and g ≥ g(r) := b r2+10r+14 c, there exists an irreducible
component Vr,g ⊂ Srg having expected codimension in Sg. Moreover, the general point (C,L) ∈ Vr,g
has very ample L.
Remark 4.8. Taking the value h(r) := b r2c + 3, at every step of the induction, as the number of
intersection points of the “base” half-canonical curve Γr,g(r) ⊂ Pr with the elliptic normal curve, we
find, by Theorem 4.6, smooth half-canonical curves of genus g(r + 1) in Pr+1 having the desired
properties and attaining the minimum possible increment in the genus with respect to r.
On the other hand, Theorem 4.6 yields as well the existence of smooth half-canonical curves in Pr
of genus g(r) < g ≤ (r+22 ), which correspond to smooth points of irreducible components V˜r,g ⊂ Srg
having expected codimension in Sg. It would be interesting to understand whether, for these values
of g, one has Vr,g = V˜r,g.
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